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Abstract

We establish conditions giving the existence of bipullbacks in bicategories of frac-
tions. We apply our results to construct a mg-m; exact sequence associated with a
fractor between groupoids internal to a pointed exact category.
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1 Introduction

A pointed exact category (in the sense of [3]) is a finitely complete category with a zero ob-
ject, a pullback-stable (regular epimorphisms, monomorphisms) factorization system and
where equivalence relations are kernel pairs. Let A be such a pointed exact category, and
let F': A — B be a functor between internal groupoids in A. In [16], we have constructed
a mp-T1 exact sequence

T (K(F)) = m(A) — m(B) = mo(K(F)) = mo(A) = mo(B)

where 71(A) is the internal group of automorphisms on the base point of A, m(A) is
the object of connected components of A, and K(F') is the bikernel of F'. This sequence
subsumes several relevant special cases: if A is the category of pointed sets, we get the
Gabriel-Zisman exact sequence of [10] and, if F is a fibration, the Brown exact sequence
of [7]; if A is semi-abelian or abelian, we get the exact sequence of the classical snake
lemma when F' is a fibration, and the exact sequence of the more general snail lemma if
F' is an arbitrary functor (see [6, 13, 20]).

A special case of particular interest is when A is the category of groups. In this case, the
mo-T1 sequence already appears in [9]; in fact, the sequence in [9] is even more general,
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because it is obtained starting from a monoidal functor between groupoids in groups, and
not necessarily from an internal functor. The precise relation between internal functors
and monoidal functors between internal groupoids in groups has been established in [19]:
monoidal functors are precisely fractions of internal functors with respect to weak equiv-
alences (in the sense of [8]). When A is an arbitrary exact category, the bicategory of
fractions of Grpd(.A) with respect to weak equivalences has been described in [15] using
fractors (fractors are a particular kind of profunctors). The aim of this note is to complete
the result of [16], showing that the mp-m exact sequence can be constructed starting from
any fractor F': A & B between internal groupoids in A pointed exact.

Since the 2-functors

7o: Grpd(A4) - A and 7: Grpd(A) — Grp(A)

send weak equivalences onto isomorphisms (see Lemma 4.5 in [16]), they can be extended to
the bicategory of fractions. Therefore, what remains to be done is to construct bipullbacks
(and, in particular, bikernels) in the bicategory of fractions using bipullbacks in the 2-
category of internal functors.

In order to do so, the main result of this paper (Theorem 3.1) states that if B is a bicategory
with bipullbacks and ¥ has a right calculus of fractions in the sense of [17], the bicategory
of fractions

Ps:B — B[Z7]

preserves bipullbacks and B[Y7!] has them. Since this is the case for the bicategory
Grpd(A) with ¥ the class of weak equivalences, we can extend the main result of [16]
getting a mp-m; exact sequence from any internal fractor.

In this paper, the composition of two arrows

f g

—_—

will be denoted as f - g, or simply by fg.

In order to shorten notation, we will use coherence theorems for bicategories as in [14].
Therefore, coherence isomorphisms will not be written explicitly.

We will sometimes need to change our base universe to a bigger one in order to define
properly some (bi)categories. However, we will omit to say it when it has to be done.

2 A reminder on (bi)categories of fractions

2.1. Categories of fractions have been introduced by P. Gabriel and M. Zisman in [10]
as a useful tool for algebraic topology and homotopy theory. They encode the universal
solution to the problem of converting an arrow into an isomorphism. More precisely, if A
is a category and ¥ is a class of arrows in A, the category of fractions of A with respect
to X is a functor

Pg: A— A7

universal among all functors F: A — C such that F(s) is an isomorphism for all s € X.
In other words, for every category C the functor induced by composition with Px is an
equivalence of categories

Ps, - — : Funct(A[X'],C) — Functs(A,C)



where Functy(A,C) is the category of those functors F: A — C such that F(s) is an
isomorphism for all s € X.

Usually, the description of the category of fractions is quite complicated (see Chapter 5
in [5] for a detailed discussion), but if the class ¥ has a right calculus of fractions, then
the description of A[Y~!] becomes much more clear. To have a right calculus of fractions
means that:

CF1. X contains the identity arrows.
CF2. X is closed under composition.

CF3. Given arrows f and s with same codomain, if s € ¥ then there exist arrows s’ and
f' such that s’ - f = f'-s and s’ € X.

CF4. Given parallel arrows f and g, if there exists an arrow s € ¥ such that f-s=g¢g-s,
then there exists an arrow s’ € ¥ such that s'- f = ¢ - g.

The dual notion of left calculus of fractions has also been studied for categories (see for
example 5.3.1 in [5]). Whereas the bicategorical version of right calculus of fractions has
been introduced in [17] (see below), at our knowledge the bicategorical version of left
calculus of fractions has never been considered and we do not need it in this paper.

2.2. If the class ¥ has a right calculus of fractions, the category A[X 1] can be described
as follows:

- The objects of A[X 1] are those of A.

- An arrow in A[X7!] from A to B is an equivalence class of spans (s, f) with s € X

A< - T—+B

two spans (s, f) and (s, ') being equivalent if there exist arrows z, 2’ in A such that
z-s=x-sdeYandx-f=2a"f.

I

X

SN
A B
I/

Moreover, if A has pullbacks and ¥ has a right calculus of fractions, then A[X '] has
pullbacks and Ps: A — A[Y7!] preserves them [5].



2.3. If B is a bicategory and X is a class of arrows in B, the bicategory of fractions of B
with respect to 3 is a morphism of bicategories (also called a pseudo-functor)

Ps:B — B[Z 7]

which encodes the universal solution to the problem of sending an arrow of ¥ into an
equivalence. This problem has been studied by D. Pronk in [17], providing a bicategorical
version of right calculus of fractions.

BF1. ¥ contains the equivalences.
BF2. ¥ is closed under composition.

BF3. Given arrows F' and S with same codomain, if S € ¥ then there exist arrows S’ € &
and F’ and a 2-iso &' - F = F' . S.

BF4. For every 2-cell (resp. 2-iso) a: F'-W = G- W with W € ¥ there exist a V € ¥ and
a 2-cell (resp. 2-is0) B: V- F =V -G such that V.-a=5-W

and for any two such pairs (V, 8) and (V’, '), there exist U, U’ and a 2-isoe: U-V =

' VN
s

such that U -V € ¥ and the diagram

vv.Fr—22 u.v.q

| »

U/'V/'FU;.B/>U/~V/~G

commutes.
BF5. Given arrows F, G and a 2-iso F' = (G, then F' € ¥ if and only if G € X.

2.4. If the class ¥ has a right calculus of fractions, the bicategory B[~ '] can be described
as follows:

- The objects of B[X~!] are those of B.

- 1-cells A — B in B[X Y] are spans (W, F) with W € X.

AY cL.p



- 2-cells (W, F) = (V,QG) are equivalent classes of quadruples (Ui, Us, a1, az) where
Up-WeX, a:U1-W=Uy-Visa2-isoand ag: Uy - F = Uy - G is a 2-cell.

Ri:F—E, Ry: F — E and two 2-isos 71 : Re-U{ = R1-U; and vy2: Ry-Us = Ry-Uj
such that Ry - Uy - W € ¥ and the following diagrams commute.

Ro-U W2 R .Uy W  Ry-U-FXLER .U F

Rgu’lﬂ H/Rl-al R2~a’2ﬂ/ MRl-az

RQ‘Ué‘V<:R1’U2‘V RQ'Ué‘G<:R1'U2‘G
v2-V v2-G

- 1-cells composition is obtained by completing two consecutive spans with a span
provided by BF3, and then forgetting the 2-cell. Vertical composition of 2-cells is
obtained by pasting two vertically consecutive 2-cells with a square coming from
BF3, horizontal composition is described by a vertical composition of two whisker-
ings. Different choices made possible by BF3 and BF4 will give rise to biequivalent
bicategories. More details on compositions and identities can be found in [17].

The 2-isos in B[X7!] are exactly the 2-cells which can be represented by a quadruple
(U1,Us, a1, ) where as is a 2-iso of B. Moreover, the universal morphism

Ps:B — B[X ]

is defined by: Px(A) = A, Pu(F) = (14, F) and Ps(a) = [(1a,1a,11,,@)]. For more
details, see [17].

2.5. Recall that a bipullback (called 2-pullback in [4]) of two arrows F': A — B and
G: C — B in a bicategory B is a diagram of the form

>

F

&<~

P,
F’i 7.
C G

with 7: F' - G = G’ - F a 2-iso and satisfying the following universal property:



BP1. For any diagram of the form
X2, A
Kl % iF
with p a 2-iso, there exist an arrow T: X — Pand 2-isos v: T-G' = H,0: T-F' = K

making commutative the following diagram.

T F .2 K.¢

ra ﬂu

T -G -F=—=H-F
v-F

BP2. Given 1-cells T,S: X =Pand 2-isos a: T-F' = S-Fland 3: T-G' = S -G, if

T F.G=2%¢5.F.GQ

| Jo-

T-G/-FﬁS-G/~F

commutes, then there exists a unique 2-cell p: T' = S such that ¢ - F/ = a and
¢ -G = . (It is not hard to prove that the 2-cell ¢ of BP2 is actually a 2-iso.)

2.6. In [16], we focused on strong h-pullbacks instead of bipullbacks. The universal prop-
erty of strong h-pullbacks subsumes that of bipullbacks, but strong h-pullbacks are deter-
mined up to isomorphism, whereas bipullbacks are determined up to equivalence. This is
why the notion of bipullback is the ‘correct’ notion of 2-dimensional pullback in the context
of bicategories of fractions. Moreover, we will use the fact that pasting together bipull-
backs we still get a bipullback (which is not the case if we work with strong h-pullbacks).
See [4, 11] for more details on bipullbacks and strong h-pullbacks.

3 Preservation of bipullbacks
This section is devoted to the proof of our main theorem, generalising the 1-dimensional
case.

Theorem 3.1. Let B be a bicategory with bipullbacks and 3 a class of arrows in B having
a right calculus of fractions. Then B[X7!] has bipullbacks and the universal morphism
Ps: B — B[X7!] preserves them.

Proof. Consider two arrows in B[X7!]

NN

with S, U € %, and the bipullback of the right legs in B.



If we can prove that

P (1,7
’ )
(1R )J{ /P;(W) l(l,R)
G B
(1,7)

is still a bipullback in B[X~!], then the bipullback of (S,R) and (U,T) in B[X7!] is
obtained pasting together the four bipullbacks below.

P (1,77 o (1,9) A
/ > R) o S,R
1Rl /; () l(l ) i( )
G B B
1,T) 1y
l = llB = il]}g
C o) B ™ B

The fact that the lower-right square is a bipullback is obvious, and that the upper-right
and lower-left are bipullbacks is easily proved. Indeed, for the upper-right square, just
compose the obvious bipullback

with the equivalence (1,S5): F — A. The lower-left one is treated similarly.

Hence let us prove that the upper left square is a bipullback. We are going to prove
separately the two parts of the universal property of the bipullback, that is, BP1 and BP2.
BP1. Consider a diagram in B[X}]

(X1,X2)

F
mml = l(LR)
B
(L7)

where p is represented by

/“

A\ M2ﬂ2 B

\V

We thus get the following diagram in B

S
&

B <~—
=

Uy-Ys

Q<—H
|



and by the universal property of the bipullback BP1, an arrow L: E — P and two 2-isos
v: L-T' = Uy-Xs and §: L - R = Uy - Yo which make the diagram

L R-T2LU,.Y,-T

Lwﬂ ﬂuz

L'T/'RﬁUQ'XQ‘R

commutative. This gives us a 1-cell (U; - Y1, L): V — P in B[X7!] and two 2-isos
[(1E7 Uz, 1, 7)] : (Ul Y, L) ’ (1P7 T/) = (le X2)

and
(1g, U1, 1y, 0)]: (Ur - Y1, L) - (1p, R') = (Y3, Ya2).

E LT E L-R’
V v V v
N N
E ulﬂz VR F E 1U1<Y1H/2 \Y% 6ﬂ2 G
e N
N A N,

The compatibility condition linking those two 2-isos can be deduced from the one linking
~ and 4.
BP2. Now, suppose we have two arrows V = P in B[X7!]

H;
RN
\Y P
for i € {1, 2} together with two 2-isos

o = [(Ul, Ug,al,ag)]: (Wl,Hl) . (1P,R/) = (WQ,HQ) . (1[[J>,R/)

and
[(V1,Va, B1, B2)]: (Wi, Hy) - (1p, T") = (Wa, H) - (1p,T").

/W /\
\% \/%

Suppose also that the diagram

-(1g,T
(Wi, Hy) - (1, B) - (16, T) =222 (Wy, Hy) - (1, RY) - (16, T)
(W1,Hy)-Ps, (ﬂ')ﬂ/ ﬂ(W%Hﬂ'PE(W)
(Wi, Hy) - (1p, T") - (1p, R) o (Wa, H) - (1p,T") - (1F, R)



commutes in B[X7!]. This means that there exist S;: K — E;, So: K — Eo and two

2-isos

Vi H, Hy-R-T
Sy

EQ Ocz T)o(Ua-Ha-)

Y1:59-V3 = 51Uy and vo: S1-Us = SQ - Vo such that S7-U; - Wj € ¥ and the following

diagrams commute.

S2V1W1 % 51U1W1

Sz-ﬁlﬂ ﬂsrm

SQVQWQ < 51U2W2
Y2-Wa

S U H R'T —22221 . o U, HyR'T =222 ¢ U, HyT'R

~v1-Hi R’Tﬂ HWQ.HQT’R

SQVlHlR T ? SQVlHlT R :ﬁ> SQ‘/QHQT/R
2ViH

Now, we consider the following 2-isos:

S1-ao

S1U1H R —=SUs Ho R’

and

-1, / 1

Hi-T S2-B2

(1)

(2)

The commutativity of (2) and the property BP2 of the bipullback at P give us a 2-iso

d: SlUlHl = SlUgHQ such that § - R = Sl [ye%) and
§-T' = (v - Hi-T)o(Sy-fa)o(yy " - Ha-T').

So, we can construct a 2-iso ¢ = [(S1 - Uy, S1 - Us, S1 - aq,0)]: (Wh, Hy) = (W3, Ha).

AT

K s a1

RNPAS

The identities ¢ - (1p, R') = o and ¢ - (1p, T") = 8 follow from the diagrams



and

E, ——K 51011

}1 U2 /
Hy-T'

where the coherence axioms can be deduced from the definition of 4 and the commu-
tativity of (1). It remains to prove the uniqueness of such a 2-cell p. Suppose ¢’ =
[(Us, Uy, e1,€92)]: (W1, Hy) = (Wa, Ho) satisfies ¢’ - (1p, R') = a and ¢’ - (1p,T") = 5. The
first identity implies the existence of a diagram

U H;
HiR
NN X[j
1 <U;6 Ey L Es glﬂz A\ ﬂ@ R
P \ /
Uy Wa !
Us H, H>R
where UsUsW, € X2,
Uﬁ'Oél = (63'W1)O(U5~€1)O(84~W2) (3)
and
Us - ag = (&‘3 : H1R/) o (U5 tE2 R/) o (54 : HQR/). (4)

Since ¢’ = [(UsUs,UsUy,Us - €1,Us - £2)], the second identity means that there exists a

diagram
/V) K

E, U Es U E4 Us- 61 ﬂUs-gTT’ F

5U4
H>T!

where U;UsUsW; € X,
Us - B1 = (e5- W) o (UrUs - €1) o (g6 - W2) (5)

and
Ug . 52 = (65 . HlTl) e} (U7U5 €9 T/) e} (86 . HQT’). (6)

Now, since SoViWp and Vi W; are both in X, by axioms BF2, BF3 and BF4, there exist
two arrows Ug and Ujg with Ug € ¥ and a 2-iso e7: UgUg = UiSs.

Eg —% K
Ugi %7 lSQ
E5 Ts' EQ

10



Let us consider the 2-iso

. Ug-ex?! ) .
UoUsUsUy 2YS U  Un Us Us 2 UgUsVy <2 U059V 222 17,05, U

Then, since UjW; and W7 are both in ¥, using the axiom BF4 twice, we get a 1-cell
Uii: E7 — ]E6 in ¥ and a 2-iso £g: U11U9U7U6 = U11U1()Sl such that

€] * U1 = (U11U9U7 . 63) o (UllUg . Egl) o (U11 cE7 Vl) o (U11U10 . ’71). (7)
Using the identities (1), (3), (5) and (7), we get that
(U11Ug - €6 - Wa) o (Uyy - €7 - VaWa) = (U11UgUy - €4 - Wa) o (g8 - UsWa) o (U11Usg - 72 - Wa).

Therefore, since Wy € ¥, by the axiom BF4, there exists an arrow Uja: Eg — E7 in X
such that

(U12U11Uy - €6) 0 (U12Un1 -€7- Vo) = (U12U11UgUs -€4) 0 (Ur2 - €5 - Ua) 0 (U12U11U10 - 72). (8)
Finally, to prove that ¢’ = ¢, we consider the following diagram

Us
IH,

S1U1 Wi

U12U11UgUrUs U12U11Us0
3

E

Eg K S1~a1ﬂ2 \% 5ﬂ2 P

S1U2\\ A A
Hy
Uy

with the 2-isos

(U12U11Ug -5 ) o (Un2Un1 €7 - Vi) 0 (U12U11Uno - 1) : UreUnnUgUzUsUs = UraU11U10S1Us
and

(U12U11U1o-72) o (Ur2Un1 671 - Vo) o (UnaU11 Uy -e5 1) : Ur2Un1 U S1U2 = U1oUs1UgUrUsUs.

To prove the first coherence axiom, we use identities (1) and (5), while for the second one,
we use the universal property of the bipullback. Indeed, to prove it, it suffices to compose
each 2-cell with both 7" and R’. The one composed with 7" can be deduced from the
definition of ¢ and (6), while the one composed with R’ follows from the definition of §,
(4), (7) and (). O

4 The snail lemma for fractors

In this section, A is a pointed exact category.

4.1. The 2-category Grpd(A) of internal groupoids in A has bipullbacks and, in par-
ticular, bikernels (in fact, Grpd(A) has strong h-pullbacks, and so it has bipullbacks,
see [19, 11]). Moreover, there are two 2-functors

mo: Grpd(A) - A and 7: Grpd(A) — Grp(A)

11



(where A and Grp(A), the category of internal groups in A, are seen as discrete 2-
categories) respectively defined by the following coequalizer and kernel
d un (d,c)
Al :;AO HT(Q(A) Wl(A)HAl *>AOXAO
C
where d and c¢ are respectively the domain and codomain maps of the internal groupoid A.
For an internal functor F': A — B, its bikernel is defined as the bipullback

K(F) £E) K(F)

!/) (F)J/

%—

and it is represented by

K(F)ZE 0 _Fop

The main result in [16] states that for any internal functor F, there is an exact sequence

™1 (K (F)) 71 (F) mo (K (F)) 7o (F)

m (K(F)) m1(A) m1(B) mo(K(F)) mo(A) mo(B).
Here, the exactness at B of
A —f> B—21-C

is intended in the sense that f factors as a regular epimorphism followed by the kernel
of g.

4.2. The class of weak equivalences in Grpd(.A) has a right calculus of fractions (in the
bicategorical sense) [19]. The bicategory of fractions of Grpd(.A) with respect to this class
of weak equivalences has been described in [15] (see also [1] if A is semi-abelian, [12] if
A is monadic, [2] if A has enough regular projective objects, and [18] for a description in
terms of anafunctors). The objects are internal groupoids, and the arrows are particular
profunctors called fractors: a fractor £: A & B is a diagram of the form

where
- o is a regular epimorphism, and R|o] is its kernel pair;
- p coequalizes d,c: R = F;

- (7,0) and (p, p) are discrete fibrations.

Given two fractors F: A & B and F': A & B, a 2-cell is just an arrow £ — E’ in A
satisfying suitable compatibility conditions.

The main result in [15] states that the bicategory of fractions of Grpd(A) with respect
to weak equivalences is the embedding

F: Grpd(A) — Fract(A)

of functors into fractors. Therefore, using Theorem 3.1, we have the following result.

12



Proposition 4.3.

1. The bicategory of fractors Fract(A) has bipullbacks and moreover the 2-functor
F: Grpd(A) — Fract(A) preserves bipullbacks.

2. In particular, Fract(A) has bikernels and F: Grpd(A) — Fract(A) preserves bik-
ernels.

From Lemma 4.5 in [16], we also know that the 2-functors my and 71 convert weak equiv-
alences in isomorphisms, so that they can be extended to the bicategory of fractions.

Grpd(A) —L= Fract(A) Grpd(A) —L= Fract(A)
o = lﬂo m = \Lﬂ'l
A Grp(A)

Now we are ready to extend the exact sequence of 4.1 to fractors.

Theorem 4.4. Let F: A & B be a fractor between groupoids in A, together with its
bikernel K(F): K(F) — A. There exists an exact sequence

™1 (K (F)) 71 (F) mo (K (F)) 7o (F)

mo(A) —— 7mo(B).

™1 (K(F)) m1(A)

m1(B) mo(K(F))

Proof. Since the class of weak equivalences in Grpd(.A) has a right calculus of fractions (in
the bicategorical sense) [19], by construction of Grpd(A)[X~!] ~ Fract(A), the fractor
F': A % B has a tabulation, i.e., there exist two internal functors

A< F-E.B
with S a weak equivalence and such that F(S) - F = F(R). We also consider the bikernel

K(R) R

K(R) U p R g
of R in Grpd(A). By Proposition 4.3,
K(R) F(K(R)) F F(R) B

is a bikernel in Fract(A). Therefore, since F(.5) is an equivalence, also

F(K(R))-F(S)

K(R) A—L-B

is a bikernel in Fract(A). In other words, the comparison S’ in the following diagram is
an equivalence.

K(R) F(K(R)) F F(R) B
K(F) B

13



Now we can construct an exact sequence starting from the functor R: F — B as in 4.1,
and we get the first line of the following diagram.

T (K (R T (R mo(K (R wo(R
m(K(R) — Dy (B) —— mo(K(R)) — ) — 2 (B)
l T (F(K(R - T (F(R :l l: mo(F(K(R l: mo(F(R l:
Wl(K(R)) 1(F(K(R))) 7r1(IF) 1(F(R)) Wl(B) Wo(K(R)) o(F(K(R))) WQ(F)M’NQ(B)

| o) e oy s
™1 (K(F)) mi(A) ™1 (B) mo(K(F)) mo(A) mo(B)

™ (K(F)) 1 (F) mo (K (F))

Since S and F(S) are equivalences, all the columns are isomorphisms and the proof is
complete. O

4.5. In [16], the mp-m-exact sequence associated with an internal functor F': A — B is
obtained under the assumption that the groupoids A, B and K(F') are proper. Here we
can omit this assumption, because our base category A is exact, so that all groupoids are
proper.
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